This paper presents a frequency-domain spectral element model for the rectangular finite plate element. The spectral element model is developed by using two methods in combination: (1) the boundary splitting; (2) the super spectral element method in which the Kantorovich method-based finite strip element method and the frequency-domain waveguide method are utilized.
Introduction
The finite element method (FEM) is one of most powerful computational methods to predict the dynamic responses or waves in a complex structure with arbitrary boundary conditions. As a high frequency excitation force can excite the higher vibration modes, the mesh sizes must be at least smaller than the wavelength of the highest vibration mode of interest in order to acquire sufficiently accurate dynamic responses at the high frequency. In such circumstances, the FEM will be computationally too expensive. Thus, the spectral element method (SEM), as a combination of the flexibility of the FEM and the accuracy of the continuum element methods, can be considered as an alternative solution technique.
In the literature, there are very few spectral element models for two-dimensional (2D) structures such as the plates and membranes which have finite dimensions in both x and y directions and being subjected to arbitrary boundary conditions. This is because, for such finite 2D structures, it is not easy to obtain exact free wave solutions in analytical forms which are required to formulate exact dynamic stiffness matrices or spectral element models.
In this paper, a new spectral element model proposed in the author's previous work (1) for a finite rectangular plate element is introduced. The proposed spectral element model is formulated by using two methods in combination. The first one is the method of boundary splitting (2) where the boundary conditions are split into several parts to form partial problems. The second method is the spectral super element method in which the Kantorovich method-based finite strip element method (in one direction) and the SEM (in the other direction) are used in combination. The performance of the proposed spectral element model is evaluated by the comparison with exact solutions and the solutions by the standard FEM.
Theory
The small amplitude transverse vibration of a thin plate can be represented by 
where w(x,y,t) is the transverse displacement, f(x,y,t) is the external force applied normal to the surface of the plate,  is the mass per unit area of the plate, and D is the flexural bending rigidity of the plate.
To formulate spectral element model for a thin plate by following the general procedure introduced in reference (4) , firstly all the time-domain quantities in the governing equations (1) are transformed into the frequency domain quantities by using the discrete Fourier transform (DFT) theory. For instance, the transverse displacement w(x,y,t) and the external force f(x,y,t) can be represented in the spectral forms as
where M is the number of samples for the fast Fourier transforms analysis and ω m are the discrete frequencies up to the Nyquist frequency. In this paper, the over-barred quantities represent spectral components of the corresponding time domain quantifies. In the following derivation, the over-bars and the subscripts m will be omitted for the sake of brevity.
The boundary splitting method used in this study and the original problem is represented by two partial problems: Problem A and Problem B. Problem A has the fixed boundary conditions on two parallel edges at y = -Ly/2 and Ly/2 and its solution is represented by wA(x,y). On the other hand, Problem B has the fixed boundary conditions on two parallel edges at x = -Lx/2 and Lx/2 and its solution is represented by wB(x,y).. The solution w(x, y) to the original problem can be then obtained by summing the solutions to Problem A and Problem B.
For the derivations of wA(x,y) and wB(x,y) in the next sub-sections, the weak form of (8) wA(x,y) in the whole domain of the finite plate element can be then represented as
By substituting (4) into (3), we can obtain an equation as 
By using the wavenumbers k x(j) obtained from (6), we can derive the solution to (5) in the form as
where NA is the dynamic shape function matrix for the Problem A.
Derivation of wB (x, y)
The solution wB(x,y) of Problem B can be obtained from Problem A by simply rotating the coordinates (x, y) 90 o degrees clock-wise. The only differences from Problem A are: (1) the fixed boundary conditions are placed at x = -Lx/2 and Lx/2, and (2) the finite plate element is divided into Nx finite strip elements in the x-direction. Thus, without repeating the similar procedure of solution derivation, the solution wB(x,y) for Problem B can be written as follows:
The solution ) , ( y x w for the original problem can be obtained by summing Eq. (7) and (8) as follows: 
Formulation of Spectral Element
The weak form of the governing equation of forced vibration can be derived as follows: 
where Vx1(y), Vx2(y), Vy1(x), and Vy2(x) are the transverse shear forces applied on four boundary edges. Similarly Mx1(y), Mx2(y), My1(x), and My2(x) are the bending moments applied on four boundary edges.
By substituting (9) into (10), we can obtain the spectral element equation in the following form:
Numerical Results and Discussion
To evaluate the performance of the present spectral element model, a simply supported uniform square plate as shown in Fig. 1(a) is considered. The present spectral element method (denoted by 'SEM') has been evaluated by comparing the natural frequencies obtained by the SEM with those obtained by the standard finite element method (denoted by 'FEM'). For the present example problem, exact solutions are available from the book by Meirovitch. Fig. 1(a) was represented by the one-element model as shown in Fig. 1(c) and the number of finite strip elements in the x-and y-directions (i.e., Nx and Ny) were increased until the natural frequency of the mode (4, 4) was sufficiently converged to exact solution. Similarly, for the FEM results, the number of finite elements used in the standard finite element analysis was also increased until the natural frequency of the mode (4, 4) was sufficiently converged to exact solution. Table 1 shows that the FEM results certainly converge to exact solutions when the total number of DOFs used in the analysis are increased up to about 43000 elements. Meanwhile, the SEM results are found to converge to exact solutions when the total number of DOFs employed in the one-element model is increased up to about 400 elements. This investigation shows that the same level of solution accuracy achieved by the standard FEM can be achieved by the present SEM by using an extremely small number of DOFs.
Conclusions
In this paper, the fundamental theory and concepts for the frequency-domain spectral element model proposed in the author's previous work (1) for finite thin plates are briefly introduced. Through the example problem, extremely high accuracy and computational efficiency of the proposed SEM are verified by the comparison with the solutions by various solution techniques: exact solutions available in the literature and the standard FEM. 
